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Why ybar = yhatbar?
Ans: 
Sum on both sides of (12)
and in (10) we show if we adding a 
constant term in regressor
we have sum of errors euqals 0. 
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CRPPHQW�RQ�WKH�FRQVWDQW�WHUP�
Without a constant term� this version of 5 2  can Sotentially be negative because the model does not ensure that the Sredicted 
values have the same mean as the actual values� which can lead to a model that fits the data worse than a simSle hori]ontal line at 
the mean of y. A negative 5 2  indicates that the model without a constant is inaSSroSriate for the data.
5emember� while this calculation of 5 2  can be done� it loses its usual interSretation as the SroSortion of variance e[Slained by the 
model. ,t
s also worth noting that many statistical software SacNages will automatically include an interceSt in the model� and you 
tySically have to sSecify if you want to e[clude it. When interSreting an 5 2  value from a model without an interceSt� be cautious 
and consider other metrics and graShical analyses to assess the fit of your model.
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"This part's notes - my reaction upon reading them.” 

I have really, really tried my best to make it clear to you! 
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Sharing these funny memes with you all.  

Life wouldn’t be easy, but we are in this together!  

Cheers!  
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Comments: 

!(#) ≡ &('; #) 

This is given by the lecture notes, it is not a typo as y is the T by 1 vector which collects all 

the iid observations of random variable. Thus &('; #) is the joint distribution of all the y. 
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Comments:  

(Not required by this Class) 

Some of you have expressed interest in understanding how the Method of Moments (MM) can 

be practically applied in the real world. To provide you some intuition, you may go through 

the survey, ‘Applications of Generalized Method of Moments Estimation’ written by Prof. 

Jeffrey M. Wooldridge which has been uploaded to the Insendi File folder.  
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Comments: 

As you can see, we derive the MLE based on the knowledge of Pdf (or Pmf) following the 

3 Steps, later on you will see the MLE for exponential distribution is also the sample mean but 

it is just a coincidence. MLE may not always be the sample mean!  
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Keep it up, everyone! ⛽ 

When you feel it's tough and want to give up, remember that I'm still organizing your 

notes late into the night at 4 am"! May all our efforts be rewarded! Cheers！# 
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It turns out that I made a mistake in my teaching, and Paolo's lecture notes are correct. 
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Take a deep breath — there's no need to memorize every detail from this summary. 

My goal is to provide you with my intuitive understanding, so you'll always find your 

way, even in complex situations.  
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1 Matrix Notation in Ordinary Least Squares Regression and Its Interchangeabil-

ity with Summarization Notation

In the realm of regression analysis, the Ordinary Least Squares (OLS) method is a cornerstone. This technique aims
to find the line (or hyperplane) that minimizes the sum of the squared deviations (residuals) from the observed values.
Traditionally, this is illustrated using summarization notation, which is more explicit and can be beneficial for a granular
understanding. For instance, in a simple regression model with one independent variable, the equation is typically rep-
resented as yi = b0 + b1xi + ei, where yi denotes the dependent variable, xi is the independent variable, b0 and b1 are
the intercept and slope respectively, and ei represents the error term. The OLS estimators for these coefficients are derived
using summation formulas which are intrinsically tied to the mean values of the variables.

However, as the complexity of models grows, especially in multiple regression scenarios, the matrix notation offers a
more compact and generalized representation. In matrix terms, the regression equation can be succinctly expressed as
y = Xb + e, where y is a vector of the dependent variable, X is the matrix of independent variables (augmented with a
column of ones for the intercept), and b is the vector of regression coefficients. The OLS estimator, in this case, is given by

b̂ =
�

XTX
�

�1
XTy.

Interestingly, there exists an underlying harmony between the matrix and summarization notations. They are essentially
two sides of the same coin, each echoing the same mathematical relationships and computations. The former proves par-
ticularly handy in efficiently handling multiple predictors, sidestepping the need for extensive summation expressions. It’s
worth noting, however, that regardless of the chosen notation, the core principles and objectives of OLS remain consistent.

1.1 Summarization Notation for OLS

Given a dataset with n observations on a dependent variable y and a single independent variable x, the OLS regression
equation is:

yi = b0 + b1xi + ei

Where:

• yi is the value of the dependent variable for the i-th observation.

• xi is the value of the independent variable for the i-th observation.

• ei is the error term for the i-th observation.

• b0 and b1 are the intercept and slope of the regression line, respectively.

The OLS estimates for b0 and b1 can be derived from the following summation formulas:

b1 =
Â

n
i=1(xi � x̄)(yi � ȳ)

Â
n
i=1(xi � x̄)2

b0 = ȳ � b1 x̄

Where:

• x̄ is the mean of x

• ȳ is the mean of y

1.2 Matrix Notation for OLS

In matrix notation, the OLS regression equation for multiple regression (let’s consider k predictors) can be written as:

y = Xb + e

Where:

• y is an n ⇥ 1 vector of the dependent variable.

• X is an n ⇥ k matrix of the independent variables (with the first column being a column of ones for the intercept).

• b is a k ⇥ 1 vector of regression coefficients.

• e is an n ⇥ 1 vector of error terms.

1



The OLS estimate for b is:

b̂ = (XTX)�1XTy

Where:

• XT is the transpose of X

• (XTX)�1 is the inverse of XTX

1.3 Matrix Representation of Summation of Deviations

The process of capturing the summation of deviations of individual data points from their mean can be elegantly expressed
using matrix notation. Given a set of data points xi, where each xi denotes an individual observation, their deviation from
the mean x̄ is traditionally expressed as Â

n
i=1(xi � x̄).

To represent this in matrix notation, one can consider a column vector x that encompasses all the xi values:

x =

2

6

6

6

4

x1

x2
...

xn

3

7

7

7

5

Additionally, to aid in our computations, let’s introduce a column vector 1 of length n, where each element is unity:

1 =

2

6

6

6

4

1
1
...
1

3

7

7

7

5

Utilizing this vector, the mean x̄ can be formulated as:

x̄ =
1

n
1Tx

The deviation of each data point xi from the mean x̄ can then be represented in matrix form as:

x � x̄1 =

2

6

6

6

4

x1 � x̄
x2 � x̄

...
xn � x̄

3

7

7

7

5

Summing up these deviations yields:

n

Â
i=1

(xi � x̄) = 1T(x � x̄1)

However, it is crucial to recognize that this summation will invariably equate to zero. This is grounded in the funda-
mental property stating that the summation of deviations of data points from their average is always zero.

1.4 Matrix Representation of Sum of Products of Deviations

The expression denoted by Â
n
i=1(xi � x̄)(yi � ȳ) encapsulates the sum of the products of deviations of individual observa-

tions xi from their mean x̄ and the deviations of yi values from their respective mean ȳ. To elucidate this relationship using
matrix notation, we undertake the following steps:

1. First and foremost, we represent the observations xi and yi as distinct column vectors:

x =

2

6

6

6

4

x1

x2
...

xn

3

7

7

7

5

and y =

2

6

6

6

4

y1

y2
...

yn

3

7

7

7

5

2. We introduce a column vector 1 of length n, populated solely with the element 1:

1 =

2

6

6

6

4

1
1
...
1

3

7

7

7

5

2



3. Using the aforementioned vector, the means x̄ and ȳ can be articulated as:

x̄ =
1

n
1Tx and ȳ =

1

n
1Ty

4. The deviations of each data point xi and yi from their respective means can be depicted in matrix form as:

x � x̄1 =

2

6

6

6

4

x1 � x̄
x2 � x̄

...
xn � x̄

3

7

7

7

5

and y � ȳ1 =

2

6

6

6

4

y1 � ȳ
y2 � ȳ

...
yn � ȳ

3

7

7

7

5

5. To deduce the sum of the products of these deviations, we transpose one of these deviation vectors and perform
matrix multiplication with the other:

n

Â
i=1

(xi � x̄)(yi � ȳ) = (x � x̄1)T(y � ȳ1)

The resultant scalar epitomizes the sum of the products of the deviations.

1.5 Demonstration Question: Deriving the OLS Estimator in Matrix Notation

Consider the simple linear regression model defined by:

Yi = a + ui

Our goal is to derive the OLS estimator, â, utilizing matrix notation. For a general linear regression, the matrix form is
given by:

Y = Xb + u

In the context of our model, the dependent variable vector is Y, while the design matrix X is solely a column of ones, as
there isn’t any predictor variable apart from the constant term. Consequently, the parameter vector b contains merely one
element, a. Given:

Y =

2

6

6

6

4

Y1

Y2
...

Yn

3

7

7

7

5

, X =

2

6

6

6

4

1
1
...
1

3

7

7

7

5

, and b =
⇥

a
⇤

The OLS estimator in matrix notation is articulated as:

b̂ = (XTX)�1XTY

Substituting in the aforementioned matrices:

â = (XTX)�1XTY

Simplifying further, we get:

â =

 

n

Â
i=1

1

!

�1 n

Â
i=1

Yi

Given that the summation of ones is equivalent to n, it can be concisely represented as:

â =
Â

n
i=1 Yi

n

This unambiguously verifies that â = Ȳ, signifying the sample mean of the Yi values.
As for R2 in this model, it perpetually remains 0. This is attributed to the fact that no variance in Y is elucidated by

predictor variables. The model’s primary function is to estimate the mean of Y.
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When you fit a linear regression model with a constant term (intercept), the least squares 
algorithm sets the sum of the residuals to zero. This is part of the derivation of the ordinary 
least squares (OLS) estimators where the intercept term is specifically calculated to ensure 
that the average of the residuals is zero. 

However, if you fit a linear regression model without a constant term, this property no 
longer holds. Here's why: 

The sum of the residuals is given by: 

! 
!

"#$

#" = ! 
!

"#$

(&" − &̂") 

When you have an intercept in your model, the equation of the line is: 

&̂" = *̂% + *̂$," 
The least squares fitting procedure will choose *̂% such that ∑#" = 0. 

However, if there's no constant term, then the equation is simply: 

&̂" = *̂$," 
And there's no guarantee that ∑/& = 0, because there's no intercept term to 
adjust the height of the line. The line will simply be forced through the origin 
(0, 0), and the sum of the residuals can be any number. 

As for the 2' statistic, when you include a constant term, 2' is guaranteed to be between 
0 and 1. This is because 2' is defined as the proportion of the variance in the dependent 
variable that is predictable from the independent variable(s), which is computed as: 

2' = 1 − 44res 
44tot  

where 44res  is the sum of squares of residuals and 44tot  is the total sum of squares (a 
measure of the total variance in the dependent variable). 

The formula you provided for 2', 1 − #(#/(&(& − 67‾'), assumes that there is an intercept 
term since 67‾' is part of the total sum of squares under the assumption that the mean of 
the residuals is zero. Here’s why: 

The 2' formula provided: 

2' = 1 − #(#
&(& − 67‾' 



is typically derived under the assumption that there is an intercept term in the regression 
model. Here's why 67‾' is subtracted in the total sum of squares when an intercept is 
included: 

Total Sum of Squares (44)*) ): The total sum of squares measures the total variance in 
the dependent variable, 7, and is defined as the sum of the squared differences between 
each observed value &" and the mean of 7, 7‾  : 

44)*) = !	 (&" − 7‾)' 

This can also be written in matrix notation as: 

44)*) = &(& − 67‾ ' 

where &(& is the sum of squares of the observed values, and 67‾' is the squared mean 
multiplied by the number of observations, which represents the part of the variation that 
is explained simply by the mean of the data (i.e., the variance if we had a model with only 
an intercept). 

1 Mean Centering: When an intercept is included, the regression line is allowed to 
shift up or down to best fit the data, which includes capturing the mean of the 
dependent variable, 7. The mean of 7 is part of the total variation we want to 
explain with our model. 

2 Interpretation: With an intercept, the total sum of squares is decomposed into 

the regression sum of squares :44reg  ) plus the sum of squares of residuals 

(44res ), which together equal 44tot . Subtracting 67‾' from &(& gives us the part of 
the total variation that is "leftover" to be explained by the model after accounting 
for the mean. 
However, without a constant term, the model does not include this mean 
adjustment. The line is forced to go through the origin (0,0), and the only 
variation it can explain is the variation around the origin, not around the mean. 
Therefore, the total sum of squares without a constant term is simply &(&, 
without subtracting 67‾', because the mean is not being considered or captured 
by the model. 

Consequently, if you were to use the formula with 67‾' included when there's no 
intercept, you would be incorrectly accounting for the mean twice: once implicitly by the 
model not including an intercept, and once explicitly by the subtraction in the 44tot  
formula. This could lead to incorrect calculations for 2', such as potentially negative 
values, which do not make sense within the standard interpretation of 2' as the 
proportion of the variance explained by the model. 

Without the constant term, 44tot  should not subtract 67‾ ', and as such, the formula for 2' 
should be: 

2' = 1 − 44res 
44tot  

where now 44tot = &(& without any adjustment for the mean of &, because the model does 
not ensure that the mean of the predicted values matches the mean of the actual values. 



If you use the incorrect formula for 2' when there's no constant term, you may end up 
with a negative value for 2', which doesn't make sense within the usual interpretation of 
2' as the proportion of variance explained. This happens because the sum of squares due 
to the regression may be greater than the total sum of squares if the line does not fitted 
well with the data. 

Therefore, without a constant term, it's not appropriate to use the formula 1 − #(#/(&(& − 
67‾' ) for 2', and it's not correct to interpret 2' as a proportion of variance explained in 
the usual way. 
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1 Exploring the Delta Method - Real-Life Example: Return on Investment in Stock

Market

The Delta Method is a powerful tool in statistics, especially when we want to determine the asymptotic distribution of a
function of an estimator. Here’s an application of the Delta Method derived from Week 3 question 2 in a real-life scenario.

1.1 Background

Imagine you’re an economist working for a financial firm. You’re interested in understanding how the return on invest-
ment (ROI) of a stock depends on the overall market performance and other macroeconomic indicators.

Suppose, after much research, you arrive at the following linear regression model:

ROIt = a + b ⇥ MarketIndex xt + ut

Here:

1. ROIt is the return on investment of the stock at time t.

2. MarketIndex xt is the value of a significant market index (like the S&P 500) at time t.

From this model, you’re especially interested in the ”bang for your buck” measure, which is defined as the ratio of the
intercept to the slope:

Bang For Buckt =
a

b
.

In essence, this measure indicates how much ROI (in percentage terms) a stockholder can expect for each unit increase in
the market index.

1.2 Application of Delta Method

Step 1 Estimate the Model: Using historical stock prices and market index values, you estimate the model using OLS
and get the estimates â and b̂.

Step 2 Compute the Nonlinear Transformation: Compute the estimated ’bang for your buck’ as:

ˆBang For Buck =
â

b̂

Step 3 Apply the Delta Method: Using the principles outlined in the notes, you determine the asymptotic distribution

of ˆBang For Buck. With this, you can compute confidence intervals and test hypotheses about the ’bang for your buck’
measure.

Let’s get into the specifics of applying the Delta Method to the ”bang for your buck” measure, using the principles
outlined:

1. Compute the Gradient: The gradient or the Jacobian matrix, F, is the first derivative of the nonlinear function with
respect to the parameters. For the function f (b) = a

b :

F(b) =
∂ f (b)

∂b0
=

h

1
b �

a
b2

i

Plug in the OLS estimates â and b̂ into the above to get:

F(b̂) =
h

1
b̂

�
â
b̂2

i

2. Asymptotic Variance: From the notes, the asymptotic variance of f (b̂) is:

Var( f (b̂)) = s2FQ�1F0

Where:

• s2 is the consistent estimator of the error variance. In OLS, it can be estimated as s2 = 1
T�k e0e.

• Q is a limit of the matrix X0X
T as T ! •.
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In practice, Q is estimated by
⇣

X0X
T

⌘

, the sample analog. Thus, Q�1 is replaced by
⇣

X0X
T

⌘

�1
in applications. So,

plugging in our estimates, the asymptotic variance of ˆBang For Buck becomes:

Var( ˆBang For Buck) = s2F(b̂)

✓

X0X

T

◆�1

F(b̂)0

3. Confidence Interval: With the asymptotic variance computed, a 95% confidence interval for ˆBang For Buck can be
constructed as:

ˆBang For Buck ± 1.96 ⇥

q

Var( ˆBang For Buck)

4. Hypothesis Testing: If you want to test a hypothesis, e.g., H0 : Bang For Buck = 2, then the test statistic is:

t =
ˆBang For Buck � 2

q

Var( ˆBang For Buck)

This test statistic will be approximately normally distributed under large samples due to the Central Limit Theorem.

Step 4 Interpret the Results: Suppose you determine that, on average, for each point increase in the market index,
an investor can expect a 2% return on this particular stock, with a certain level of variability around this estimate. This
information can be critical for investment decisions, portfolio management, and risk assessment.

1.3 Conclusion

This real-life example illustrates how the Delta Method can be applied to infer the statistical properties of nonlinear
transformations of parameters estimated in a regression model. The ”bang for your buck” measure is one of many possible
applications in finance where such nonlinear transformations might be of interest.
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